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Abstract
Each point of the variety of real Lie algebras is naturally identified with a left invariant Riemannian metric
on a Lie group. We study the interplay between invariant-theoretic and Riemannian aspects of this variety. In
particular, using the special critical point behavior of certain natural functional on the variety, we determine all the
Lie groups which can be endowed with only one left invariant metric up to isometry and scaling, proving first that
they correspond to Lie algebras whose only degeneration is to the abelian one. We also find all the Lie algebras
which degenerate to the Lie algebra of the hyperbolic space, and all the possible degenerations for 3-dimensional
real Lie algebras, by using well known descriptions of left invariant metrics satisfying some pinching curvature
conditions. Finally, as another interaction, the closed SL(n)-orbits on the variety are classified, and explicit curves
of Einstein solvmanifolds are provided by using curves of closed orbits of the representation Λ2SL(m)⊗ SL(n).
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1. Introduction
Let us consider as parameter space for the real Lie algebras of a given dimension n, the set L of
all Lie brackets on a fixed n-dimensional real vector space g. Since the Jacobi identity is determined
by polynomial conditions, we have that L is actually an algebraic subset of Λ2g∗ ⊗ g = R(n3−n2)/2.
By endowing g with a fixed inner product 〈·, ·〉, we identify each element µ ∈ L with the Riemannian
manifold (Gµ, 〈·, ·〉), that is, the corresponding simply connected Lie group Gµ endowed with the left
invariant Riemannian metric determined by 〈·, ·〉. Thus the ‘change of basis’ action of GL(n) on L given
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by ϕ.µ= ϕµ(ϕ−1·, ϕ−1·) has the following interpretation: each ϕ ∈ GL(n) defines, by exponentiation,
an isometry
(Gµ, 〈ϕ·, ϕ·〉)→ (Gϕ.µ, 〈·, ·〉).
In this way, we can say that the orbit O(µ)= GL(n).µ covers all the left invariant Riemannian metrics
on Gµ. Note that the orbit by the orthogonal group O(n).µ consists of elements all isometric to µ.
This interpretation of the points of the algebraic variety L, will allow us to translate invariant-theoretic
properties of the orbit O(µ) into Riemannian properties of left invariant metrics on Gµ, and vice-versa.
The technique of fixing an inner product and varying Lie brackets isomorphic to a given one, has been
used for instance in the study of curvature properties of Lie groups (see [2,19,27]), in the description
of the moduli space of Einstein solvmanifolds (see [14,18]) and in spectral geometry (see [32] and the
references therein).
Consider the functional on L given by F(µ) = tr R2µ, where Rµ is a symmetric transformation of g
defined via the Ricci curvature operator of µ (see (5)). The Riemannian functional F can be formally
defined on the whole space Λ2g∗ ⊗ g as a homogeneous polynomial of degree 4. The gradient of F
at µ ∈ L is always tangent to the GL(n)-orbit O(µ). This remarkable property implies that the limits
of the gradient flows of F define degenerations of the starting point, a concept introduced and studied
by theoretical physicists (see [20,26,31]) and also by mathematicians (see [4,16,33,34]). Indeed, we say
that µ degenerates to λ (denoted by µ→ λ) if λ ∈O(µ), the closure of O(µ) with respect to the usual
(metric) topology of Λ2g∗ ⊗ g. As expected, the critical points of the restriction of F to the sphere S,
have very nice Riemannian characterizations related with Ricci solitons and Einstein solvmanifolds, at
least in the nilpotent case (see [24]).
In Section 4, we characterize the critical points of F |S in terms of Rµ, and prove that if µ ∈L∩ S is a
critical point of F |S then any other critical point in O(µ)∩ S necessarily lies in O(n).µ, which is a kind
of uniqueness up to isometry. After that, in Section 5, we use these results to prove:
Gµ has only one left invariant Riemannian metric up to isometry and scaling if and only if the only
possible degeneration of µ is µ→ 0.
We then prove that there are only two Lie algebras satisfying the last condition: the direct sum of the 3-
dimensional Heisenberg Lie algebra with an abelian factor and the solvable Lie algebra s=RH ⊕Rn−1,
where [H,X] = X for any X ∈ Rn−1 and Rn−1 is abelian. We then obtain that these Lie groups are the
only ones admitting a unique left invariant metric (up to isometry and scaling).
Since the sectional curvature Kµ (and all other Riemannian curvatures) of µ ∈L depend continuously
on µ, we realize that if µ→ λ and there is a λ0 ∈O(λ) satisfying certain strict curvature inequality, then
the orbit O(µ) must also contain an element satisfying the same inequality. In other words:
If µ→ λ and Gλ admits a left invariant Riemannian metric satisfying a pinched curvature condition,
then so Gµ.
We then can use some well known algebraic characterizations of Lie groups having metrics satisfying
certain pinching conditions (see [8,19]), to decide that certain Lie algebra can never degenerate to some
other one. We apply this method in Section 6 to classify all the Lie algebras which degenerate to the
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solvable Lie algebra s mentioned above, and to determine all the possible degenerations between 3-
dimensional real Lie algebras.
In Section 7, we apply some results on the minimal vectors of representations of real reductive Lie
groups given in [22,29], to the action of a reductive subgroup G⊂GL(n) onL⊂Λ2g∗⊗g. We prove that
the orbit G.µ is closed if and only if p(Rµ)= 0, where p : sym(g)→ p is the orthogonal projection and
L(G)= k⊕ p is a Cartan decomposition of the Lie algebra L(G) of G with k⊂ so(g) and p⊂ sym(g).
A GL(n)-orbit on L can never be closed, unless it is {0}. Indeed, if ϕt = t−1I then limt→0 ϕt .µ= 0 and
so 0 ∈O(µ) for every µ ∈ L. A natural question is then what happens if we do not allow multiplication
by a scalar, considering for instance SL(n)-orbits instead of GL(n)-orbits. We apply the results obtained
in Section 7 to prove in Section 8 the following interplay:
SL(n).µ is closed if and only if Gµ admits a left invariant Riemannian metric (·, ·) such that the
curvature tensor R(·,·) is a multiple of the identity.
Using this characterization, we prove that an orbit SL(n).µ is closed if and only if µ is semi-simple.
Moreover, 0 ∈ SL(n).µ for every non-semi-simple Lie bracket µ ∈L.
Finally, in Section 9, as another application of the results given in Section 7, we obtain the following
interplay given in [18]:
For any two-step nilpotent Lie algebra µ ∈Λ2(Rm)∗ ⊗ Rn, the orbit SL(m)× SL(n).µ is closed if
and only if a determined rank-one solvable extension of µ admit a left invariant Riemannian metric
which is Einstein.
We then use closed SL(m)×SL(n)-orbits on Λ2Rm⊗Rn obtained in [10] by invariant-theoretic methods
in the cases (m,n) = (5,5), (6,3), to exhibit a curve and a two-parameter family of pairwise non-
isometric Einstein solvmanifolds of dimension 11 and 10 respectively.
2. Variety of Lie algebras
Let g be an n-dimensional vector space over R. We consider g as the underlying vector space of
every n-dimensional Lie algebra over R, thus identifying each Lie algebra with its Lie bracket, which is
an element of Λ2g∗ ⊗ g, the space of all alternating bilinear maps from g× g to g. The set L of all Lie
brackets is an algebraic subset of Λ2g∗⊗g, since the Jacobi identity is given by the following polynomial
conditions:
(1)
n∑
r=1
µijrµkrs +µjkrµirs +µkirµjrs = 0, 1 i < j < k  n, 1 s  n,
where µ(Xi,Xj)=∑nk=1µijkXk and {X1, . . . ,Xn} is a fixed basis of g.
The isomorphism class of a Lie algebra µ ∈ L is the orbit O(µ) = GL(n).µ under the ‘change of
basis’ action of GL(n) :=GL(n,R)=GL(g) on L given by
(2)ϕ.µ(X,Y )= ϕµ(ϕ−1X,ϕ−1Y ), X,Y ∈ g.
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Definition 2.1. We say that µ degenerates to λ (denoted by µ→ λ) if λ ∈ O(µ), the closure of the
GL(n)-orbit O(µ) with respect to the usual (metric) topology of Λ2g∗ ⊗ g.
In other words, µ→ λ if there exists a sequence {ϕn} ⊂ GL(n) such that limn→∞ ϕn.µ = λ. The
degeneration µ→ λ is nontrivial when λ lies in the boundary of O(µ), and in such a case, it is easy to
see that the entire orbitO(λ) lies in the boundary ofO(µ). Every degeneration will be assumed nontrivial.
If µ→ λ then we may say that in some sense, λ is ‘more abelian’ than µ. In fact, it is well known that
dim Der(λ) > dim Der(µ), dimλ(g,g)  dimµ(g,g), dim z(λ)  dim z(µ) and ab(λ)  ab(µ), where
z(µ) denotes the center of µ and ab(µ) is the dimension of a maximal abelian subalgebra of µ (see [4]).
The concepts of degeneration and deformation have attracted considerable attention in the last decades
(see for instance [6,16,28,35]). Seeley [33] classified all the possible degenerations of 6-dimensional
complex nilpotent Lie algebras and more recently, Burde and Steinhoff [4] did the same for all the
4-dimensional complex Lie algebras. On the other hand, in [34], a very nice relationship between
variation of complex structures and degenerations of Lie algebras is studied. The idea of degeneration
(or contraction) was really introduced by theoretical physicists in [20].
We shall give now the basic definitions of the small degree cohomology spaces of a Lie algebra µ
relative to the adjoint representation, often called Chevalley cohomology (see for instance [21]). Using
the identifications
C0 = g, C1 = gl(g), C2 =Λ2g∗ ⊗ g,
the coboundary operator is given by δµ(X)= adµ X for any X ∈ g and
δµ(A)(X,Y )= µ(AX,Y )+µ(X,AY )−Aµ(X,Y )
for all A ∈ gl(g), X,Y ∈ g. We then have that Z0(µ,µ) is the center of µ and Z1(µ,µ) = Der(µ), the
Lie algebra of derivations of µ, where Zk(µ,µ)=Ker δµ is the space of cocycles. There is a well known
relationship between the small degree Chevalley cohomology and the tangent geometry of the algebraic
variety L. The orbit O(µ) is the image through the action of GL(n) of the point µ ∈L, and the isotropy
subgroup is precisely the automorphism group Aut(µ) of µ, which is closed in GL(n). Thus O(µ) can
be provided with the structure of differentiable manifold of the homogeneous space GL(n)/Aut(µ).
The tangent space TµO(µ) at the point µ on the orbit O(µ) coincides with the space of coboundaries
B2(µ,µ)= δµ(C1), since for any A ∈ gl(n) we have that ddt |0 etA.µ=−δµ(A). It can be also proved that
TZarµ L= Z2(µ,µ) for any µ ∈ L (see [15]).
Any inner product 〈·, ·〉 on g defines naturally inner products on C1 = gl(g) by 〈A,B〉 = trAB t, where
the transpose is taken with respect to 〈·, ·〉, and on C2 =Λ2g∗ ⊗ g by
(3)〈λ,λ′〉 =
∑
ijk
〈λ(Xi,Xj),Xk〉〈λ′(Xi,Xj),Xk〉,
where {X1, . . . ,Xn} is any orthonormal basis of (g, 〈·, ·〉).
3. Riemannian interpretation of the variety of Lie algebras
Let G be a real Lie group and let g denote its Lie algebra with Lie bracket µ. All the Riemannian
information of the left invariant metric defined by an inner product 〈·, ·〉 on g, as the sectional, Ricci or
scalar curvature, are given in terms of just 〈·, ·〉 and the Lie bracket µ of g.
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We endow the vector space g with a fixed inner product 〈·, ·〉. We then may regard each element µ ∈ L
as a Riemannian manifold in the following way: we take Gµ, the unique simply connected Lie group
having Lie algebra (g,µ), and endow Gµ with the left invariant Riemannian metric determined by 〈·, ·〉.
Throughout the paper, we shall always identify µ with this Riemannian manifold (Gµ, 〈·, ·〉).
The natural GL(n)-action on L given in (2) has the following geometric interpretation: for any
ϕ ∈GL(n), the map ϕ−1 determines a Riemannian isometry
(4)(Gϕ.µ, 〈·, ·〉)→ (Gµ,ϕ−1.〈·, ·〉),
where ϕ−1.〈·, ·〉 = 〈ϕ·, ϕ·〉. In fact, ϕ−1 : (g, ϕ.µ) → (g,µ) is a Lie algebra isomorphism and ϕ−1 :
(g, 〈·, ·〉) → (g, ϕ−1.〈·, ·〉) is an isometry of inner product spaces, and hence it follows from the left
invariance of the metrics that ϕ−1 defines by exponentiation a Riemannian isometry between (Gϕ.µ, 〈·, ·〉)
and (Gµ,ϕ−1.〈·, ·〉).
We note that on the left of (4) the action of GL(n) give rises to the orbit O(µ), and on the right,
to the set of all inner products on g. We therefore can say that the orbit O(µ) contains all the left
invariant Riemannian metrics on Gµ, and hence L can be viewed as the space of all n-dimensional
simply connected Lie groups endowed with a left invariant Riemannian metric. Recall that if ϕ belongs
to the orthogonal group O(n)=O(g, 〈·, ·〉), then ϕ.µ and µ are isometric.
We will use repeatedly in this paper the isometry given in (4), to translate algebraic or invariant-
theoretic properties of the orbit O(µ) to Riemannian properties of left invariant metrics on Gµ.
The Ricci curvature operator of µ can be viewed as a symmetric transformation Ricµ :g→ g defined
by
(5)Ricµ = Rµ−12Bµ −Dµ,
where Bµ is the Killing form of µ in terms of 〈·, ·〉, that is,
〈BµX,Y 〉 = tr(adµX adµ Y ), X,Y ∈ g,
Dµ is the symmetric part of adZµ and Zµ ∈ g is defined by 〈Zµ,X〉 = tr(adµX), X ∈ g; and Rµ is given
by
〈RµX,Y 〉=−12
∑
ij
〈µ(X,Xi),Xj 〉〈µ(Y,Xi),Xj 〉
(6)+ 1
4
∑
ij
〈µ(Xi,Xj),X〉〈µ(Xi,Xj), Y 〉,
for all X,Y ∈ g, where {X1, . . . ,Xn} is any orthonormal basis of (g, 〈·, ·〉) (see [3, 7.39]). Note that
Zµ = 0 if and only if µ is unimodular and that if µ is nilpotent then Ricµ = Rµ. It is clear that Rµ (and
also Ricµ) can be defined, at least formally, for every element µ ∈Λ2g∗ ⊗ g.
Lemma 3.1 [24]. If F :Λ2g∗ ⊗ g→R is defined by F(µ)= tr R2µ (see (6)) then
grad(F )µ =−δµ(Rµ), µ ∈Λ2g∗ ⊗ g,
where δµ :C1 = gl(g)→ C2 =Λ2g∗ ⊗ g is the cohomology coboundary operator of the Lie algebra µ.
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4. Critical points of F
Lemma 3.1 gives an interesting link between the functional F and the theory of degenerations. Indeed,
we have that ±grad(F )µ ∈ TµO(µ) for any µ, and so it is easy to prove that the ±grad(F ) flows ψ+t
and ψ−t starting from a point µ0 ∈ L lies in the orbit O(µ0) for every t ∈ [0,∞). Henceforth, if ψ+t or
ψ−t converges, as it is the case when we restrict ourselves to the sphere S of Λ2g∗ ⊗ g, then the limit will
determine a degeneration of µ0.
A precise formula for F is given by
(7)F(µ)= tr R2µ =
∑
pr
(∑
ij
−1
2
µpijµrij + 14µijpµijr
)2
,
where µijk = 〈µ(Xi,Xj),Xk〉 and {X1, . . . ,Xn} is any orthonormal basis of (g, 〈·, ·〉). We note that F is
a homogeneous polynomial of degree 4, thus we will restrict F to the sphere S of Λ2g∗ ⊗ g, and hence
we have to consider sets of the form O(µ) ∩ S, instead of the whole orbits. If one prefers to keep the
action of GL(n), it is equivalent to consider the functional F :P(Λ2g∗ ⊗ g)→ R from the projective
space P(Λ2g∗ ⊗ g) instead from the sphere S. Note that we just need to act by scalars to recover the
whole orbit O(µ) from the set O(µ)∩ S.
Proposition 4.1. Let F be the functional on Λ2g∗ ⊗ g given by F(µ)= tr R2µ and let S denote the sphere
of Λ2g∗ ⊗ g. Then for µ ∈ L ∩ S the following conditions are equivalent:
(i) Rµ ∈RI ⊕Der(µ).
(ii) µ is a critical point of F :S→R.
(iii) µ is a critical point of F :O(µ)∩ S→R.
Proof. The equivalence between (i) and (ii) follows from grad(F )µ = −δµ(Rµ) (see Lemma 3.1) and
the Lagrange multiplier theorem. Indeed, µ ∈ S is a critical point of F |S if and only if δµ(Rµ)= cµ for
some c ∈R. Since δµ(I )= µ, we have that this is equivalent to δµ(Rµ−cI )= 0, or to Rµ−cI ∈Der(µ).
To see the equivalence between (ii) and (iii) we first note that we have the orthogonal decomposition
TµO(µ)= (TµO(µ)∩ Tµ S)⊕Rµ.
Since −grad(F )µ = δµ(Rµ)= ∂∂t |0e−
t
2 Rµ.µ ∈ TµO(µ) we have that µ is a critical point of F |GL(n).µ∩S ,
that is, grad(F )µ ⊥ Tµ GL(n).µ∩ S = Tµ GL(n).µ∩ Tµ S, if and only if δµ(Rµ) ∈Rµ. ✷
We now give a uniqueness result for a critical point of F .
Proposition 4.2. There is at most one critical point of F :S→R in each subsetO(µ)∩S up to the action
of O(n).
Proof. We first note that this is equivalent to the uniqueness of a left invariant Riemannian metric (·, ·)
on Gµ satisfying
(8)R(·,·) ∈ RI ⊕Der(µ)
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up to the R∗ Aut(µ)-action on the set of inner products P on g (see (2)). Indeed, if µ and ϕ.µ are both
critical points of F |S , then using that (Gµ,ϕ−1.〈·, ·〉) and (Gϕ.µ, 〈·, ·〉) are isometric (see (4)) we obtain
that 〈·, ·〉 and ϕ−1.〈·, ·〉 are two left invariant metrics satisfying (8), and so if there exists ψ ∈ R∗ Aut(µ)
such that ψ.〈·, ·〉 = ϕ−1.〈·, ·〉, then ϕψ ∈ O(n) and satisfies ϕψ.µ = cϕ.µ for some c > 0, concluding
that c= 1 since ϕ.µ ∈ S and thus ϕ.µ ∈O(n).µ. The converse is completely analogous.
In view of these observations, it is easy to see that the proof of the theorem is given in [18,
Theorem 5.1] or [24, Theorem 3.5]. ✷
Example 4.3.
(i) In [24], nilpotent Lie brackets µ ∈ L which are critical points of F |S are geometrically characterized
in three different ways: µ is a Ricci soliton metric (see [5]); µ is a quasi-Einstein-metric (see [9]);
(g,µ) admits a standard solvable extension which is Einstein (see [18]). Several examples of critical
nilpotent Lie algebras are given in [24] using these characterizations.
(ii) It easy to see that the orbit O(µ) of any semi-simple µ contains a critical point µ0 (see Section 8).
(iii) If g= RA⊕Rn−1 and µ ∈ L satisfies that µ(Rn−1,Rn−1)= 0 and adµ A|Rn−1 is normal, then it is
easy to see that µ is a critical point of F |S . If adµ A|Rn−1 is nilpotent, then it is proved in [25] that µ
is a critical point of F |S as well.
(iv) Using the examples given above, one can easily see that any 3-dimensional Lie algebra has a critical
Lie bracket in its orbit, except for the defined by µ(X1,X2)=X2,µ(X1,X3)=−X2+2X3, denoted
by s2 in Section 6.
(v) Every nilpotent Lie algebra of dimension  5 contains a critical point of F |S in its orbit
(see [25]).
(vi) The lowest possible dimension for the existence of a curve of non-isometric (or equivalently
non-isomorphic) nilpotent critical points of F |S is 7, and an example of such a curve is given
in [25].
(vii) It has been recently proved in [36] that any of the 34 6-dimensional nilpotent Lie algebras contain
a critical point of F |S in its orbit.
Remark 4.4. We recently become aware that the map R :Λ2g∗ ⊗ g → gl(g) given by R(µ) = Rµ,
coincides up to a scalar with the moment map for the action of GL(n) on Λ2g∗ ⊗ g (or on its projective
space), and so F is precisely the functional square norm of the moment map (see the survey [23] for
further information). This implies that Proposition 4.2 would follow from the well known convexity
properties of moment maps. In the nilpotent case, we then have that the Ricci operator is a moment map.
We think that this relationship could give rise to many other interplays between the invariant-theoretic
aspects of the representation Λ2GL(n)⊗ GL(n) and the Riemannian point of view considered in this
paper.
5. Lie groups with only one left invariant metric
The aim of this section is to classify all the Lie groups which admit a unique left-invariant Riemannian
metric up to isometry and scaling. As an application of the results proved in Section 4 on the critical point
behavior of the functional F :S→R, we first give the following interaction result.
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Theorem 5.1. For µ ∈ L∩ S the following conditions are equivalent:
(i) The only possible degeneration of µ is µ→ 0.
(ii) O(µ)∩ S is closed (or compact).
(iii) O(µ)=R∗O(n).µ (or O(µ)∩ S =O(n).µ).
(iv) GL(n).〈·, ·〉 =R∗ Aut(µ).〈·, ·〉.
(v) There is only one left invariant metric on Gµ up to isometry and scaling.
Proof. ((i) ⇒ (ii)) We have that O(µ)=O(µ)∪ {0} and so O(µ)∩ S =O(µ)∩ S =O(µ)∩ S.
((ii) ⇒ (i)) Since any degeneration µ→ λ with λ = 0 can be taken to a degeneration µ/‖µ‖→ λ/‖λ‖
such that the sequence {ϕn.(µ/‖µ‖)} ⊂O(µ) defining the degeneration lies in S, we have that O(µ)∩ S
closed implies that the only possible degeneration of µ is µ→ 0.
((ii) ⇒ (iii)) It follows from O(µ) ∩ S closed that F attains their maximum and minimum values on
O(µ) ∩ S at some points µ+,µ− ∈O(µ) ∩ S, respectively. But according to Propositions 4.1, 4.2, F |S
has at most one critical point in O(µ)∩ S up to the O(n)-action, thus µ− ∈ O(n).µ+ obtaining from the
O(n)-invariance of F that F is constant onO(µ)∩S. This implies that any point of O(µ)∩S is a critical
point of F |S and so O(µ)∩ S =O(n).µ by Proposition 4.2, or equivalently, O(µ)=R∗O(n).µ.
((iii)⇒ (ii)) If O(µ)=R∗O(n).µ then O(µ)∩ S =O(n).µ and so it is compact and closed.
((iii)⇔ (iv)) This equivalence follows from the fact that any ϕ ∈ GL(n) defines by exponentiation
an isometry between (Gµ,ϕ−1.〈·, ·〉) and (Gϕ.µ, 〈·, ·〉) (see (4)). Indeed, if µ satisfies (iii), then for any
ϕ ∈ GL(n) there exists ψ ∈ R∗O(n) such that ψ.µ = ϕ.µ and thus ϕ−1ψ.〈·, ·〉 = cϕ−1.〈·, ·〉 for some
c ∈R with ϕ−1ψ ∈Aut(µ), obtaining that ϕ−1.〈·, ·〉 ∈R∗ Aut(µ).〈·, ·〉 for any ϕ ∈ GL(n). Conversely, if
µ satisfies (iv), then for any ϕ ∈ GL(n) there exists ψ ∈ R∗ Aut(µ) such that ψ.〈·, ·〉 = ϕ.〈·, ·〉 and thus
ϕ.µ= cϕψ−1.µ for some c ∈R with ϕψ−1 ∈O(n), proving that ϕ.µ ∈R∗O(n).µ for any ϕ ∈ GL(n).
((iv) ⇒ (v)) It follows arguing as in the above paragraph.
((v) ⇒ (iii)) By hypothesis, we have that (Gµ, 〈·, ·〉) and (Gµ,ϕ−1.〈·, ·〉) are isometric (up to scaling)
for any ϕ ∈GL(n). Since the tensor Rµ,〈·,·〉 satisfies
〈Rµ,〈·,·〉X,Y 〉 = tr(∇X)2 − 12 tr(∇X −∇X)
2,
where ∇ denotes the Levi-Civita conexion of (Gµ, 〈·, ·〉) (see [7]), it follows that F is invariant under
isometry. Using again the isometry between (Gµ,ϕ−1.〈·, ·〉) and (Gϕ.µ, 〈·, ·〉) given in (4), we obtain that
F is constant on O(µ)∩ S and thus O(µ)∩ S =O(n).µ by Proposition 4.2. ✷
We then have to determine all the Lie algebras whose only degeneration is to the abelian Lie algebra.
Let µhe,µhy denote the Lie brackets defined by
µhe(X1,X2)=X3, µhy(X1,Xi)=Xi, i = 2, . . . , n,
and zero otherwise. Note that µhe is isomorphic to h3 ⊕Rn−3, where h3 is the 3-dimensional Heisenberg
Lie algebra and Rn−3 is an abelian factor, and µhy is the Lie algebra of the solvable Lie group for which
there is a left invariant metric 〈·, ·〉 such that (S, 〈·, ·〉) is isometric to the real hyperbolic symmetric space
RH(n).
The proof of the following classification is based in techniques used by Milnor [27] in the study of
curvature properties of Riemannian left invariant metrics on Lie groups.
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Theorem 5.2. Every Lie bracket which is not in O(µhy) degenerates to µhe. Moreover, µhe and µhy are
the only n-dimensional Lie algebras for n  3, for which the only degeneration is to the abelian Lie
algebra.
Proof. Let µ ∈L and suppose that there exists three linearly independent vectors such that µ(X1,X2)=
X3. Complete to a basis {X1, . . . ,Xn} and consider the diagonal ϕε ∈GL(n) defined by
ϕεX1 = εX1, ϕεX2 = εX2, ϕεXi = ε2Xi, i  3.
It is easy to check that limε→0 ϕ−1ε .µ=µhe .
Otherwise, µ(X,Y ) ∈ RX + RY for all X,Y ∈ g, and hence there exists a linear map L :g → R
satisfying
µ(X,Y )= L(X)Y −L(Y )X, ∀X,Y ∈ g.
Considering a decomposition g=RH⊕Ker(L)with L(H)= 1, we get µ(H,X)= 0 for any X ∈Ker(L)
and µ(X,Y ) = 0 for all X,Y ∈ Ker(L), that is, µ is isomorphic to µhy , proving the first part of the
theorem.
For the second part, we note that µhy does not degenerates to µhe since
dim Der(µhy)= n(n− 1) > n2 − 3n+ 6= dim Der(µhe),
and so level(µhy) = 1 (degeneration level). Furthermore, it follows from dimµhe(g,g) = 1 < n − 1 =
dimµhy(g,g) that µhe cannot degenerate to µhy , concluding also that level(µhe)= 1. ✷
Remark. We have recently become aware that Gorbatsevich has given in [11] a proof of the above theorem
in the complex case, via representation theory methods. Also, he studied in [11–13] a very interesting
notion of degeneration: µ→ λ (µ,λ Lie algebras not necessarily of the same dimension) if λ ⊕ Rk
degenerates to µ ⊕ Rm in the sense considered in this paper (see Definition 2.1) for some k,m  0,
where Rk and Rm are abelian factors. The corresponding first three levels of degenerations are completely
classified in [12]. We note that this notion of degeneration is weaker than the usual one; for instance, the
level of µhy , n= 2, cannot be one since µhy ⊕R→ µhe , n= 3.
We then obtain from Theorems 5.1 and 5.2 the following
Corollary 5.3. The groups Gµhe and Gµhy are the only simply connected Lie groups having only one left
invariant Riemannian metric up to isometry and scaling.
It should be noted that if a Lie group admits a unique left invariant metric up to isometry and scaling,
then its universal cover so. Thus the only Lie groups satisfying such a property are the finite quotients of
Gµhe and Gµhy .
6. Curvature pinched conditions and degenerations
All the Riemannian quantities associated to a µ ∈L, like sectional, Ricci and scalar curvatures, depend
continuously on µ. Consequently, if µ→ λ and there is a λ0 ∈ O(λ) satisfying certain strict curvature
inequality, then the orbit O(µ) must contain an element satisfying the same inequality. Indeed, we can
assume that ϕn.µ→ λ0 and so for some n0 the Lie brackets ϕn.µ will satisfy the curvature inequality for
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all n n0. In other words, if µ→ λ and Gλ admits a left invariant Riemannian metric satisfying a strict
pinched curvature condition, then so Gµ (see (4)).
We then can use well known algebraic characterizations of Lie groups having metrics with special
curvature properties to decide in the negative, whether a Lie algebra degenerates to another one. For
instance, Heintze [19] proved the following algebraic characterization of Lie groups Gµ admitting a left
invariant Riemannian metric with strictly negative sectional curvature K < 0:
(Hn1) µ is solvable;
(Hn2) there exists A ∈ g such that g=RA⊕µ(g,g) and all the eigenvalues of adµ A|µ(g,g) have positive
real part.
More recently, Eberlein and Heber [8] showed that to have sectional curvature −b2 <K <−a2 < 0,
(a, b > 0), besides of (Hn1) µ must satisfy the following necessary (but not sufficient) condition:
(EHb1) there exists A ∈ g such that g= RA⊕ µ(g,g) and all the eigenvalues of adµ A|µ(g,g) have real
part in the open interval (a, b) (see paragraph above [8, Proposition 2.2]).
Moreover, if we want −4 <K <−1, then besides (Hn1) and (EHb1), µ has to satisfy necessarily that
(EHb2) the derived algebra µ(g,g) is abelian (see [8, Corollary 5.2]).
The following result follows from the observations given above.
Proposition 6.1. If µ→ λ and there exists A ∈ g such that g= RA⊕ λ(g,g), λ(g,g) is abelian and all
the eigenvalues of adλ A|λ(g,g) have real part in the open interval (1,2), then µ is solvable, µ(g,g) is
abelian and there exists B ∈ g such that g= RB ⊕ µ(g,g) and all the eigenvalues of adµ B|µ(g,g) have
real part in (1,2).
According to [31], a problem particularly interesting from the physical point of view, is to find all
the Lie algebras that degenerates to a given one. It has been showed in Section 5 that any Lie algebra
other than µhy degenerates to µhe . Hence a natural question takes place: which are the Lie algebras who
degenerates to µhy?
Theorem 6.2. A Lie algebra µ ∈ L degenerates to µhy if and only if there exists A ∈ g such that
g = RA ⊕ µ(g,g), µ(g,g) is abelian and has a basis such that adµ A|µ(g,g) is a Jordan matrix with
eigenvalue 1 and block dimensions r1  · · · rk (see (9)). Moreover, two of such Lie algebras µ and µ′
are isomorphic if and only if ri = r ′i for all i = 1, . . . , k.
Proof. We first note that all the left invariant metrics on Gµhy are pairwise isometric up to scaling (see
Corollary 5.3) and have constant negative sectional curvature K ≡ −c2. This implies that if µ→ µhy
then µ must satisfy (Hn1), (EHb1) and (EHb2).
Now, given µ,λ ∈ L both with codimension-one and abelian derived algebra, we can assume (up to
isomorphism) that µ(g,g)= λ(g,g)= n, and consider a decomposition g=RA⊕n. It is easy to see that
µ is isomorphic to λ if and only if adµ A|n is conjugate to adλ A|n up to scaling. Thus if µ→ λ = 0, the
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coefficients of the characteristic polynomial of adϕk.µ A|n are multiplied by a single ck along the degener-
ation ϕk.µ→ λ. This implies that if µ→ λ = 0 then adµ A|n and adλ A|n have the same set of eigenvalues
(counting multiplicities) up to scaling by a single real number, not necessarily different from zero.
We deduce from the above paragraph that, if µ→ µhy then adµ A|n has only one eigenvalue and it
is real and nonzero, that is, its characteristic polynomial is f (t) = (t − c)n−1, for some c = 0. We can
assume that c= 1 and hence there exists a basis of n such that
(9)adµ A|n

Jr1 . . .
Jrk

 , Jri =


1 0
1
. . .
. . .
0 1 1

 ,
with r1  · · · rk , where Jri is the ri × ri Jordan block with eigenvalue 1.
Conversely, if µ ∈ L satisfies that µ(g,g) is abelian, of codimension-one, and adµ A|µ(g,g) has
characteristic polynomial f (t)= (t − 1)n−1, then µ→ µhy . Indeed, if we define on each block
ϕε =


ε
ε2
. . .
εri

 ,
and ϕεA = A, then it is easy to check that limε→0 ϕ−1ε adµ A|µ(g,g)ϕε = I , the identity matrix. Thus we
have that limε→0 ϕε.µ= µhy . ✷
With the above theorem and other previous results in place, we are now able to find all the possible
degenerations for 3-dimensional real Lie algebras. A classification of such Lie algebras can be described
by (see [21]):
Notation Nonzero products Properties
R3 −− Der= 9, unim.,
h3 [X1,X2] =X3, Der= 6, unim.,
rα [X1,X2] =X2, −1 α  1 Der= 4, α = 1; Der= 6, α = 1,
[X1,X3] = αX3, unim. iff α =−1,
sβ [X1,X2] =X3, 0 β  2, Der= 4,
[X1,X3] = −X2 + βX3, unim.iff β = 0,
sl(2,R) [X1,X2] = 2X2, [X1,X3] = −2X3, Der= 3, unim.,
[X2,X3] =X1,
so(3) [X1,X2] =X3, [X1,X3] =−X2, Der= 3, unim.
[X2,X3] =X1,
Using the dimensions Der of the Lie algebras of derivations, unimodularity and Theorem 5.2 (recall that
µhe = h3 and µhy = r1) we get that the only possible degenerations we have to analyze are
(i) rα → r1, −1 < α < 1.
(ii) sβ → r1, 0 < β  2.
(iii) sl(2,R)→ r−1, s0.
(iv) so(3)→ r−1, s0.
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It follows from Theorem 6.2 that the only degeneration from (i) and (ii) which is valid is s2 → r1. The
degenerations of (iii) are both true taking
ϕε =
[1
ε
ε
]
,
with respect to the basis {X1,X2,X3} for the first one and to the basis { 12(X2 −X3), 12(X2 +X3), 12X1}
for the second one. The degeneration so(3)→ s0 in (iv) is also valid via the same ϕε.
Finally, using some Ricci curvature estimates given in [30], we shall see that so(3)→ r−1 is not valid.
Indeed, there exist λ ∈ O(r−1) ∩ S such that the extremal values for the Ricci curvature along all the
directions are − 12  ricλ  0. If we assume that so(3) degenerates to r−1, then there must be a sequence{µn} ⊂ O(so(3)) ∩ S such that µn → λ when n→∞, and thus ricµn → ricλ uniformly. However, it
follows easily from [30, Theorem 2.3] that if the maximum value of ricµn converges to 0, then so the
minimum value, obtaining that ricµn can never converge to ricλ, which is a contradiction.
We now give the table of all the degenerations for 3-dimensional real Lie algebras.
sl(2,R)→ s0, r−1,h3,R3; sβ → h3,R3, β = 0,2;
so(3) → s0,h3,R3; s2 → r1,h3,R3;
r−1 → h3,R3; r1 → R3;
s0 → h3,R3; h3 → R3;
rα → h3,R3, α = ±1; R3 →−− .
7. Minimal vectors for actions of reductive subgroups G⊂GL(n) on V =Λ2g∗ ⊗ g
Let G be a linearly reductive complex algebraic group defined over R, and let G=G(R) the group of
real points of G. If G→GL(V) is a rational representation of G defined over R, consider V =V(R) the
set of R-rational points of V. A vector v ∈ V is said to be a minimal vector for G if ‖g.v‖ ‖v‖ for any
g ∈G, where the norm ‖ · ‖ is associated with a fixed k-invariant positive definite inner product 〈·, ·〉 on
V such that p acts on V by symmetric transformations and L(G)= k⊕ p is a Cartan decomposition of
the Lie algebra L(G) of G. LetM=M(G,V ) denote the set of minimum vectors for G.
Theorem 7.1 [22,29].
(i) The orbit G.v meetsM if and only if G.v is closed (classical topology).
(ii) For every v ∈ V , there exists a unique closed G-orbit in the closure G.v.
We note that in part (i) of the above theorem, in spite of the set M depends on the invariant inner
product 〈·, ·〉 choose, the closeness of the orbit G.v does not.
For each v ∈ V , we define a smooth real-valued function Fv :G→R by Fv(g)= ‖g.v‖2. Thus v ∈M
if and only if Fv has a (necessarily minimum) critical point at e ∈G (see [29]). Let fv be the differential
(dFv)e :L(G)→ R. Since fv vanishes on k, it can be considered as an element of p∗, the dual space of
p. We may identify p with p∗by means of the inner product −B(X, θY ), where B is the Killing form
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of L(G) and θ the Cartan involution. Define the homogeneous polynomial of degree 4 on V given by
H(v)= ‖fv‖2. Note that H  0 and that v ∈M if and only if H(v)= 0.
In what follows, we will apply the results from invariant theory given above, to the case of G a
reductive subgroup of GL(g) and V =Λ2g∗ ⊗ g. Consider a Cartan decomposition L(G)= k⊕ p such
that k ⊂ so(g) and p ⊂ sym(g) and endow L(G) with the inner product 〈A,B〉 = trAB t, where the
transpose is taken with respect to the fixed inner product 〈·, ·〉 we have on g. It is clear that the extended
inner product 〈·, ·〉 on V (see (3)) satisfies the required properties, that is, k and p act on V by skew-
symmetric and symmetric transformations respectively. In order to get a description of the set M of
minimal vectors, we first need a formula for the homogeneous polynomial H .
Proposition 7.2. If p : sym(g)→ p denotes the orthogonal projection then for each µ ∈ V =Λ2g∗ ⊗ g
we have that
H(µ)= 64 trp(Rµ)2,
where Rµ ∈ sym(g) is defined in (6), and soM= {µ ∈Λ2g∗ ⊗ g: p(Rµ)= 0}.
Proof. We first calculate fµ = (dFµ)I ∈ p∗. For every A ∈ p we have
fµ(A)= ddt
∣∣∣∣
0
Fµ
(
etA
)= d
dt
∣∣∣∣
0
∥∥etA.µ∥∥2 = 〈2µ, d
dt
∣∣∣∣
0
etA.µ
〉
=−2〈µ, δµ(A)〉
=−2
∑
pij
〈δµ(A)(Xp,Xi),Xj 〉〈µ(Xp,Xi),Xj 〉
=−2
(∑
pij
〈µ(AXp,Xi),Xj 〉〈µ(Xp,Xi),Xj 〉 + 〈µ(Xp,AXi),Xj 〉〈µ(Xp,Xi),Xj 〉
− 〈Aµ(Xp,Xi),Xj 〉〈µ(Xp,Xi),Xj 〉
)
=−2
(∑
pijr
〈µ(Xr,Xi),Xj 〉〈λ(Xp,Xi),Xj 〉〈AXp,Xr〉
+
∑
pijr
〈µ(Xp,Xr),Xj 〉〈λ(Xp,Xi),Xj 〉〈AXi,Xr〉
−
∑
pijr
〈µ(Xp,Xi),Xr〉〈λ(Xp,Xi),Xj 〉〈AXj ,Xr〉
)
.
By interchanging the indexes i and p in the second line of the last equality, and j and p in the third one,
we get that
fµ(A)=−4
∑
prij
〈µ(Xr,Xi),Xj 〉〈µ(Xp,Xi),Xj 〉〈AXp,Xr〉
+ 2
∑
prij
〈µ(Xi,Xj),Xr〉〈µ(Xi,Xj),Xp〉〈AXp,Xr〉
=
∑
pr
8〈RµXp,Xr〉〈AXp,Xr〉 = 8 tr Rµ A= 8〈Rµ,A〉 = 8〈p(Rµ),A〉.
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Thus, under the identification p " p∗, we have obtained that fµ = 8p(Rµ) and so H(µ) = ‖fµ‖2 =
trf 2µ = 64 trp(Rµ)2, as it was to be shown. ✷
We note that the transformation Rµ, introduced geometrically in Section 3 via the Ricci curvature, also
appears in this context (compare with Remark 4.4). For G= GL(n) we have that H(µ)= 64F(µ) for
all µ ∈ Λ2g∗ ⊗ g, where F is the functional studied in Section 4. In this case, M= {0} since the only
zero of H (or F ) is µ= 0 (recall that tr Rµ =− 14‖µ‖2), which is in agreement to the fact that {0} is the
only closed GL(n)-orbit on Λ2g∗ ⊗ g.
According to Theorem 7.1, (i), the orbit G.µ is closed if and only if a minimal vector µ0 lies in
G.µ. On the other hand, minimal vectors are characterized in Proposition 7.2 via certain property of the
transformation Rµ0 . We then obtain the following interplay.
Theorem 7.3. For µ ∈ L and a reductive Lie group G⊂GL(n), the following conditions are equivalent:
(i) The orbit G.µ is closed.
(ii) The corresponding Lie group Gµ admits a left invariant metric (·, ·) such that the curvature
operator R(·,·) satisfies p(R(·,·)) = 0, where p : sym(g)→ p denotes the orthogonal projection and
L(G)= k⊕ p is a Cartan decomposition for the Lie algebra L(G) of G.
Proof. If G.µ is closed, then by Theorem 7.1, (i) there exists a minimal vector µ0 ∈G.µ, say µ0 = ϕ.µ,
and thus p(Rµ0) = 0 (see Proposition 7.2). Since ϕ−1 defines an isometry between (Gϕ.µ, 〈·, ·〉) and
(Gµ,ϕ
−1.〈·, ·〉) (see (4)), we have that
Rµ,ϕ−1.〈·,·〉 = ϕ−1 Rϕ.µ,〈·,·〉 ϕ = ϕ−1 Rµ0 ϕ.
Thus the left invariant metric ϕ−1.〈·, ·〉 on Gµ satisfies p(Rϕ−1.〈·,·〉) = 0, where now p denotes the
orthogonal projection p : sym(g, ϕ−1.〈·, ·〉)→ ϕ−1pϕ and L(G) = ϕ−1kϕ ⊕ ϕ−1pϕ is the appropriate
Cartan decomposition. This implies that ϕ−1.〈·, ·〉 is the required left invariant metric.
Conversely, if Gµ admits a metric (·, ·) with the properties stated in the theorem, then we can consider
M and all the setup above Proposition 7.2 with respect to (·, ·), thus obtaining that µ ∈M and so G.µ
is closed. ✷
8. Closed SL(n)-orbits on L
Let L be the algebraic variety of Lie brackets on a fixed n-dimensional vector space g and consider the
natural action of GL(n) on L (see (2)). A GL(n)-orbit on L can never be closed, unless it is {0}. Indeed,
if ϕt = t−1I then when t → 0, limϕt .µ= 0 and so 0 ∈O(µ) for every µ ∈L. A natural question is then
what happens if we do not allow the multiplication by a scalar, considering for instance SL(n)-orbits
instead of GL(n)-orbits. Under what conditions on µ we would have that 0 ∈ SL(n).µ?, when SL(n).µ
will be closed? We will study such a questions applying the results given in Section 7 for G= SL(n) and
V =Λ2g∗ ⊗ g. Note that SL(n) is the set of real points of G= SL(n,C) and the induced representation
of G on V= V ⊗C is algebraic and defined over R.
According to Theorem 7.1, (i), the orbit SL(n).µ is closed if and only if a minimal vector µ0 lies
in SL(n).µ. Recall that sl(n) = so(g) ⊕ sym0(g) is a Cartan decomposition, where sym0(g) denotes
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the space of traceless symmetric transformations of g. Since sym(g)= sym0(g)⊕ RI is an orthogonal
decomposition, we have that µ0 ∈M if and only if Rµ0 ∈ RI . It follows from Theorem 7.3 the following
Riemannian characterization.
Proposition 8.1. The orbit SL(n).µ is closed if and only if the corresponding Lie group Gµ admits a left
invariant metric (·, ·) such that its curvature operator R(·,·) is a multiple of the identity.
As an immediate consequence, we obtain that if µ ∈L is nilpotent (and µ = 0) then the orbit SL(n).µ
is not closed, and moreover, 0 ∈ SL(n).µ. Indeed, Rµ coincides with the Ricci operator when µ is
nilpotent, and hence Rµ can never be a multiple of the identity since by a result due to Milnor [27], a
non-abelian nilpotent Lie group can never admit an Einstein left invariant Riemannian metric. However,
the closure SL(n).µmust contain a closed orbit by Theorem 7.1, (ii), and so using that the set of nilpotent
Lie brackets is closed, we obtain that 0 ∈ SL(n).µ for any nilpotent µ ∈L.
On the other hand, if µ ∈ L is a compact semi-simple Lie bracket then it is easy to see that−Bµ defines
an Einstein left invariant Riemannian metric (·, ·) on Gµ satisfying that R(·,·) is a multiple of the identity
(see (5)). By the characterization given above, we deduce that SL(n).µ is closed. For a non-compact
simple µ ∈ L, consider a Cartan decomposition g= kµ ⊕ pµ and the inner product (·, ·) on g defined by
(·, ·)|kµ×kµ =−Bµ, (·, ·)|pµ×pµ = Bµ and 〈kµ,pµ〉1 = 0. It easy to see that the curvature operator R(·,·) of
(Gµ, (·, ·)) is a multiple of the identity (see (5)), concluding that the orbit SL(n).µ is closed as well. We
now give the general result.
Theorem 8.2. Let µ ∈ L, µ = 0.
(i) The orbit SL(n).µ is closed if and only if µ is semi-simple.
(ii) If µ is not semi-simple then 0 ∈ SL(n).µ.
Proof. (i) We first note that if SL(n).µ is closed then trD = 0 for any D ∈Der(µ). Otherwise, we could
consider the one parameter subgroup of automorphisms ϕt = {etD}t∈R = {et trDn Iet (D− trDn I)}t∈R (assume
trD > 0) and thus
0= lim
t→−∞
(
e−t
trD
n I
)
.µ= lim
t→−∞ e
t (D− trDn I) ∈ SL(n).µ,
obtaining that SL(n).µ is not closed. However, we note that such a necessary condition is not sufficient;
consider for instance a characteristically nilpotent µ ∈L, that is, Der(µ) is nilpotent (see [17]). A weaker
necessary condition we have obtained is that if SL(n).µ is closed then µ is unimodular (i.e., tr adµX = 0
for any X ∈ g). This allows us to apply some ideas and techniques from homogeneous Riemannian
geometry due to Dotti [7], used in the study of the Ricci curvature of unimodular Lie groups.
Consider a unimodular non-abelian µ ∈ L such that the orbit SL(n).µ is closed and assume that
µ ∈M, that is, Rµ = cI . Let sµ denote the radical of µ and let g= h⊕ sµ the orthogonal decomposition.
We also decompose orthogonally sµ = a⊕ nµ = a⊕ v⊕ zµ, where nµ = µ(sµ, sµ) and zµ is the center
of the nilpotent Lie algebra (nµ,µ|nµ×nµ). Suppose that zµ = 0 and consider the basis {Hi}, {Ai}, {Vi}
and {Zi} of h, a, v, z respectively. It follows from Rµ = cI that tr R2µ = c tr Rµ =− c4‖µ‖2 and thus c < 0
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(note that if c= 0 then µ= 0). Therefore, if {Xi} = {Hi} ∪ {Ai} ∪ {Vi} ∪ {Zi} then for every Z ∈ zµ,
0 > 〈Rµ Z,Z〉=−12
∑
ij
〈µ(Z,Xi),Xj 〉2 + 14
∑
ij
〈µ(Xi,Xj),Z〉2
=−1
2
∑
ij
〈µ(Z,Hi),Zj 〉2 − 12
∑
ij
〈µ(Z,Ai),Zj 〉2
+ 1
2
∑
ij
〈µ(Zi,Hj),Z〉2 + 12
∑
ij
〈µ(Zi,Aj),Z〉2 + β(Z),
where
β(Z)= 1
4
∑
ij
〈µ(Xi,Xj),Z〉2  0, Xi,Xj ∈ {Hi} ∪ {Ai} ∪ {Vi}
(note that both adµ h and adµ a leave invariant zµ). This implies that
0 >
∑
k
〈Rµ Zk,Zk〉 =
∑
k
β(Zk) 0,
which is a contradiction. Thus zµ has to be {0} and hence sµ is abelian. Now, applying the same argument
to a non-zero A ∈ sµ we also get a contradiction, obtaining that sµ = 0 and so proving that µ is semi-
simple, as it was to be shown.
Conversely, if µ is semi-simple, we define on each simple factor the metric given in the paragraph
above the theorem, with a suitable scalar multiple, yielding a metric (·, ·) on Gµ with R(·,·) being a
multiple of the identity. Thus SL(n).µ is closed by Proposition 8.1.
(ii) Ifµ ∈L is a non-semi-simple Lie bracket, then by part (i) the orbit SL(n).µ is not closed. However,
there must exist a unique closed orbit SL(n).λ in the closure SL(n).µ (see Theorem 7.1, (ii)). By part (i)
we have that λ is semi-simple or λ= 0, but if λ is semi-simple then it is well known that O(λ) is open
in L, and so λ can never lie in SL(n).µ. This implies that λ= 0 and thus 0 ∈ SL(n).µ. ✷
9. Closed orbits and Einstein solvmanifolds
In order to vary two-step nilpotent Lie algebras, we consider the vector space Vm,n = Λ2v∗ ⊗ z of
alternating bilinear maps from v × v to z, where v and z are real vector spaces of dimension m and n
respectively. Thus each element µ ∈ Vm,n determines a two-step nilpotent Lie bracket on g= v⊕ z by
setting µ(g, z)= 0. Conversely, any two-step nilpotent Lie algebra belongs to Vm,n for some m,n ∈ N.
Two elements of Vm,n define isomorphic Lie algebras if and only if they are in the same GL(m)×GL(n)-
orbit, where the action of any (ϕ,ψ) ∈GL(m)×GL(n) is given by
(ϕ,ψ).µ(X,Y )=ψµ(ϕ−1X,ϕ−1Y ), X,Y ∈ v, µ ∈ Vm,n.
By fixing an inner product 〈·, ·〉 on g= v⊕ z satisfying 〈v, z〉 = 0, we proceed as in Section 3. Thus Rµ
coincide with the Ricci operator of µ, and µ,λ ∈ Vm,n are isometric if and only if they belong to the same
O(m)×O(n)-orbit (see [37]).
We also proceed as in Section 7 for the action of GL(m)× GL(n) on Vm,n, and arguing as there we
arrive at results analogous to Proposition 7.2 and Theorem 7.3. We now apply these results to the action
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of the subgroup SL(m)× SL(n)⊂ GL(m)× GL(n) on Vm,n. The projection p : sym(v)⊕ sym(z)→ p
is the projection relative to the orthogonal decomposition
sym(v)⊕ sym(z)=RIv⊕ sym0(v)⊕RIz⊕ sym0(z),
where sym0 denotes the space of traceless symmetric transformations and Iv and Iz are the identity maps
of v and z respectively. We then obtain the following interaction, which can also be deduced from [18,
Section 6.4]:
Proposition 9.1. For each µ ∈ Vm,n the following are equivalent:
(i) The orbit SL(m)× SL(n).µ is closed.
(ii) The Lie group Gµ admits a left invariant metric (·, ·) such that the curvature operator R(·,·) satisfies
that the restrictions R(·,·) |v and R(·,·) |z are both multiples of the identity map.
Galitski and Timashev [10] studied the invariant-theoretic aspects of the action of SL(m)× SL(n) on
Vm,n in the complex case. They proved that there is a curve µt in V5,5 and a two-parameter family µs,t in
V6,3 of pairwise non-isomorphic Lie brackets whose SL(m)× SL(n)-orbits are closed. They are defined
by
(10)
µt(X1,X2)= tZ4, µt (X2,X3)= tZ5, µt (X3,X4)= tZ1,
µt (X1,X3)= Z2, µt (X2,X4)= Z3, µt (X3,X5)= Z4,
µt (X1,X4)=−Z5, µt (X2,X5)=−Z1, µt (X4,X5)= tZ2,
µt (X1,X5)=−tZ3,
for any 1 t <∞; and by
(11)
µs,t (X1,X2)= tZ1, µs,t (X2,X3)=−sZ3, µs,t (X3,X6)= Z1,
µs,t (X1,X4)= Z3, µs,t (X2,X5)=−Z2, µs,t (X4,X5)=−sZ1,
µs,t (X1,X6)= sZ2, µs,t (X3,X4)= tZ2, µs,t (X5,X6)= tZ3,
for any −∞< t < 0, 1 < s  2.
On the other hand, it is proved in [8] that condition (ii) in Proposition 9.1, is equivalent to the left
invariant metric on the solvable Lie group Sµ defined as follows being Einstein: extend the inner product
to sµ =RH ⊕ v⊕ z by 〈H,v⊕ z〉 = 0 and 〈H,H 〉 = 1, and define the Lie bracket on sµ by
(12)[H,X] =X, [H,Z] = 2Z, [·, ·]|v⊕z = cµ,
where c= 2‖µ‖ ( mnm+2n)1/2. We then obtain that (10) gives rise to a curve Sµt of pairwise non-isometric 11-
dimensional Einstein solvmanifolds, and (11) to a two-parameter family Sµs,t of pairwise non-isometric
10-dimensional Einstein solvmanifolds. We note that the family Sµst coincides with the family given in
[14, Section 3].
Independently from how these families was found, it would be interesting to note that one can show by
a very simple computation that the solvmanifolds Sµt and Sµs,t defined by (10), (11) and (12) are Einstein,
by using for instance [18, Lemma 4.4]. Therefore, the only result which we finally need from [10] is that
(10) and (11) define pairwise non-isomorphic Lie algebras, from where we obtain that the corresponding
solvmanifolds are pairwise non-isometric (see [1] or [18, 2.7]). Recall that if they are non-isomorphic as
complex Lie algebras, then they are also non-isomorphic as real Lie algebras.
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